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Abstract

Weemploy avariationof multivariateor nonlinearstateestimationtechniques
(M/NSET) in orderto approximateanonlinearmappingfrom oneEuclideanspace
into another. Potentialapplicationsare approximatingthe implicit and inverse
function theorems,approximatinga chartof a manifold and,designingsurrogate
models.
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1 Intr oduction

Themultivariateandnonlinearstateestimationtechniques(M/NSET)[1,4] aremethods
for determiningif a givenobservationis in a targetset! " Rn . Whatthey attemptto
do is modeltheidentity mappingon ! usingsamplesfrom ! . So,for eachx # ! , we
wantto constructa functionsuchthatf (x) $ x, thatis, f $ id! . Thenwecanusethe
residual%f (x) & x%to determineif x # ! or not.

Here we look at extendingM/NSET to the following case: insteadof trying to
approximateid : ! ' ! , we want to approximatemoregeneralnonlinearmappings
f : ! ' " , where" " Rm . SpeciÞcexamplesthatwe have in mind for this areto
approximatethefunctionsarisingout of animplicit or inversefunction. So,we could
try to approximatethe! (y) suchthat

f (y, ! (y)) = 0 (1.1)
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or, theg(y) suchthat

(g ( f )(x) = x. (1.2)

We canuse(1.1) to, e.g.,put (approximate)local coordinatechartson a manifoldM
wherey is anelementof thetangentspaceTx M atx # M .

Ourpaperis organizedasfollows. In Section 2 wegiveanoverview of thestandard
M/NSET and stateour variation. Section3 is devoted to an investigation of the
geometryof thealgorithm.Wegivesomeexamplesin Section4. A discussionfollows
in Section5.

2 The M/NSET variation

StandardM/NSET [1, 4] attemptsto approximatethe identity mappingid! on some
set! . In orderto do this, onestartswith a samplingof pointsxi # ! andforms the
matrixX = [ x1, . . . , xn ]. Then,with thisX wedeÞneourapproximationto id! as

!x = X (X ) X )! 1(X ) x) (2.1a)

= !id! (x), (2.1b)

wheretheoperation) is somesymmetricfunctionactingonthecolumnsof X . So,for
instance,wecouldtake

(X ) X )ij = 1 &
%xi & xj %2

%xi %2 + %xj %2
, (2.2)

which is the standardMSET operation. Note in particular that xi = !id! (xi ) for
xi # X regardlessof thedeÞnitionof (X ) X ).

A simplegeneralizationof thismethodis to havetheimageof ourmappingbesome
otherset" . Sonow wearetrying to approximatesomenonlinearmappingf : ! ' " .
For eachxi # X " ! we will have a corresponding imagepointyi = f (xi ) # " . We
cancollectall of theseimagepointsinto thematrix Y = [ y1, . . . , yn ]. Then,instead
of (2.1),wewill have themapping

!x = Y(X ) X )! 1(X ) x) (2.3a)

= !f (x), (2.3b)

wherewehave thatyi = !f (xi ).

Note that it is fairly easyto updatethe algorithmby appending/deletingcolumns
to/from X andY . This will be equivalent to updatinga QR factorization[3]. Now
weÕll look at thegeometryof thealgorithm in a little moredetail.
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3 The geometryof the algorithm

To begin exploring the geometryof our M/NSET variation,let us begin by using the
QRdecompositionof (X ) X ) to have

(X ) X ) = QR. (3.1)

Then,(X ) x) = QRy and,in particular, (X ) xi ) = QRei , wherexi # X andei is
astandardbasiselementof Rn . Sowehave that,see(2.3),

Y (X ) X )! 1(X ) x) = Yy. (3.2)

Theoutputof our mappingis simply a linearcombinationof thecolumnsof Y where
theparticularcombinationdependsonhow wedeÞnethe) operation.

The) operationshouldideallyemphasisthosevariationsin x thatleadtovariations
in f (x). An extremecaseis givenby thefunction

f (x, y) = x2. (3.3)

Wewantto designa) thatonly dependsonvariationsin x. For example,wecoulduse

%x% = |x| (3.4)

in (2.2) insteadof %x%2.

Now, let usspecializeour procedureto thecasewhere(x ) y) = d(%x & y%A ),
where

%x & y%2
A = (x & y)T A(x & y) (3.5)

and, d(x) is someappropriatelychosenfunction, e.g., d(x) = exp(&x). We are
splitting thedeterminationof ) into two steps.First, thematrixA is pickingour those
variationsof x thatareimportantfor changesin our functionf (x). Thefunctiond(x)
is determiningwhat length scaleis important. So, if d(x) is highly peeked around
x = 0, only nearbyneighborsare importantfor determiningthe outputof !f (x), see
(2.3). A ßatterd(x) allowsfurtherneighborsto haveagreaterinßuencein determining
thevalueof !f (x). Wecouldevenhave thesituationwhere,e.g.,

d(x) =
"

d1(x) , 0 * x * 1
d2(x) , x > 1

(3.6)

and/or, A is dependenton theseparationof x andy i.e.,A = A(%x & y%2).

4 Someexamples

OurÞrstexampleisusingNSETtoapproximatetheabsolutevaluefunctionf (x) = |x|.
Herewe let

(X ) X )ij = exp(&|xi & xj |). (4.1)
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Figure1: The|x| NSETinterpolationexample.

We randomlychoose50 pointsuniformly distributedin [&1, 1] asour samplepoints.
Then20new pointswerealsorandomlychosenin [&1, 1]. Weranthesepointsthrough
our NSET operatorto Þndthe interpolation. The resultsareshown in Figure1. The
averagerelativeerrorwas4.94%. Theaverageabsoluteerrorwas.0017.

Our next examplewill useNSET to approximatethe sin! 1(x) function. We still
use(4.1) asour deÞnitionof ) . Herewe took 50 randomlychosenpointsuniformly
distributedon [&" / 2, " / 2]. These provided the Y for (2.3a). The X wasgiven by
thesineof thesepoints. To testtheNSEToperator, 20 pointswhererandomly chosen
from [&" / 2, " / 2]. Thesineof thesepointsweretheinput to theNSET operator. The
averagerelativeerrorwas.51%and,theaverageabsoluteerrorwas.0071. Theresults
areshown in Figure2.

Our Þnalexample will beplacinganapproximatecoordinatecharton a manifold.
As above, we took 50 randomlychosenpointsuniformly distributedon [&" / 2, " / 2].
Thesewill betheX matrixfor (2.3a)using(4.1)andwill placelocalcoordinatesonthe
unit circle. Our Y matrix will consistof thepointsin R2 givenby [ sin(x) cos(x) ]T .
We thenchoose20 randompointsfrom [&" / 2, " / 2] and,usedNSETto approximate
themappingto theunit circle. Theresultsareshown in Figure3. Theaveragerelative
errorof themappingwas.39%.
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Figure2: Thesin! 1(x) NSETinterpolationexample.

5 Discussion

WeÕvedemonstratedthatM/NSETcanbeusefullyemployedfor approximatingimplicit
andinversefunctions. This extensionof thestandardM/NSET is obtainedby simply
allowing theimageof ourmappingto differ from therange,compare(2.3a)with (2.1a).
In thiswaywearenolongerconcernedwith trying to approximatetheidentitymapping
on our setof interest. We have alsoseenthat the extendedM/NSET canbe usedto
placelocal coordinatechartsonmanifolds.

Weimaginethatthechartingprocedureoutlinedherewill beusefulfor implementing
theLipschitzimplicit andinversefunctiontheoremsasneededby, e.g.,thedirectsearch
methodsin [2]. Here the M/NSET variationwill provide a surrogatemodel for the
implicit mappingfrom the tangentspaceof a manifold to themanifold. Theseinitial
guessescanthenbereÞnedby numericallyimplementingaLipschitzimplicit function
theorem.As oursamplingof themanifoldbecomesbetter, wecanupdatetheX andY
matricesto haveabettersurrogatefor theimplicit function.

TheM/NSETvariationcouldalsobeuseful for moregeneralsurrogatemodels[5].
Wewouldbeableto easilyupdateoursurrogatewhenmoreinformationaboutthetrue
function becomesavailable. This updatecould be doneby adding/deletingcolumns
to/fromX andY and/or, modifying thedeÞnitionof ) .
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Figure3: Theunit circleNSETchartingexample.

References

[1] C. L. Black, R. E. Uhrig, and J. W. Hines. System modelingand instrument
calibrationveriÞcationwith anonlinearstateestimationtechnique.In Proceedings
of theMaintenanceandReliabilityConference, 1998.

[2] D. W. Dreisigmeyer. Direct searchmethodsover Lipschitzmanifolds. Submitted
to SIOPT.

[3] G.H. GolubandC.F. van Loan.Matrix Computations. JohnsHopkins,3rdedition,
1996.

[4] K. C. Gross,R. M. Singer, S. W. Wegericj, J. P. Herzog, R. van Alstine, and
F. Bockhorst.Applicationof amodel-basedfaultdetectionsystemto nuclearplant
signals.In Proceedingsof the9th InternationalConferenceon IntelligentSystems
Applicationto PowerSystems, 1997.

[5] N. V. Queipo,R. T. Haftka,W. Shyy, T. Goel,R. Vaidyanathan,andP. K. Tucker.
Surrogate-basedanalysisandoptimization.Progressin AerospaceSciences, 41:1Ð
28,2005.

6


